We study f (R, T ) theories of gravity, where T is the trace of the energy-momentum tensor Tµν , with independent metric and affine connection (metric-affine theories). We find that the resulting field equations share a close resemblance with their metric-affine f (R) relatives once an effective energy-momentum tensor is introduced. As a result, the metric field equations are second-order and no new propagating degrees of freedom arise as compared to GR, which contrasts with the metric formulation of these theories, where a dynamical scalar degree of freedom is present. Analogously to its metric counterpart, the field equations impose the nonconservation of the energy-momentum tensor, which implies nongeodesic motion and consequently leads to the appearance of an extra force. The weak field limit leads to a modified Poisson equation formally identical to that found in Eddington-inspired Born-Infeld gravity. Furthermore, the coupling of these gravity theories to perfect fluids, electromagnetic, and scalar fields, and their potential applications are discussed.
I. INTRODUCTION
Modified theories of gravity are a mainstream topic in modern cosmology, essentially due to the discovery of the late-time cosmic accelerated expansion [1, 2] . These theories assume that Einstein's General Relativity (GR) breaks down at large scales and that an extension of the Einstein-Hilbert action describing the gravitational field is necessary, offering an alternative paradigm fundamentally distinct from dark energy models of cosmic acceleration [3, 4] . Further physical motivations for these theories include a more realistic representation of quantum and gravitational fields at high-energy densities near curvature singularities, and the possibility to create some effective first order approximation of quantum gravity [5, 6] . The simplest such extension of GR is perhaps to consider a Lagrangian density given by a certain function f (R), where R is the scalar curvature, whose phenomenology has been largely explored in the literature [7] [8] [9] .
An interesting generalization of f (R) gravity involves the inclusion of a nonminimal coupling between the scalar curvature and matter [10] [11] [12] [13] . One of the original motivations to implement this coupling was to establish a link with MOND and the flat galactic rotation curves. It was further shown that this curvature-matter coupling induces a non-vanishing covariant derivative of the energymomentum tensor, which implies nongeodesic motion and consequently leads to the appearance of an extra force [11] . Thus, these models allow for an explicit violation of the equivalence principle (EP), which is tightly constrained by solar system experimental tests [14] , by imposing a matter-dependent deviation from geodesic motion. Low-energy features of specific compactified versions of higher-dimensional theories also imply the EP violation [15] . However, it has been argued that the EP is not one of the "universal" principles of physics [16] , but rather it is a heuristic hypothesis introduced by Einstein, and used to construct his theory of GR. Further tests of the EP are relevant for new physics and strongly constrain the parameters of the theory [17, 18] . However, it is important to note that the violation of the EP does not in principle rule out the specific theory.
The linear nonminimal curvature-matter coupling [11] was further generalized by considering a maximal extension of the Einstein-Hilbert action, namely, f (R, L m ) gravity [19] , where L m is the matter Lagrangian. A related theory is f (R, T ) gravity, where the gravitational Lagrangian is given by an arbitrary function of the Ricci scalar and the trace T of the energy-momentum tensor T µν [20] . All of these theories induce the presence of an extra force and consequently nongeodesic motion. An interesting cosmological motivation for f (R, T ) gravity is that it may be considered a relativistically covariant model of interacting dark energy [20] . Note that the dependence from T may be induced by exotic imperfect fluids or quantum effects (conformal anomaly). A physical interpretation consists on the possibility that the curvature-matter coupling is related to the thermodynamics of open systems, and is responsible for matter creation irreversible processes that may take place at a cosmological scale [21, 22] . Fundamental applications of the curvature-matter couplings in the study of quantum gravitational theories with first order quantum corrections induced by a stochastically fluctuating metric have also been analysed [23] . It is interesting to note that in recent work [24, 25] , it was argued that the on-shell Lagrangian of a perfect fluid depends on microscopic properties of the fluid, and consequently it was shown that if the fluid is constituted by localized concentrations of energy with fixed rest mass and structure (solitons) then the average on-shell Lagrangian of a perfect fluid is given by L m = T . Thus, this seems to indicate that, in this context, f (R, L m ) theories may be regarded as a subclass of f (R, T ) gravity. Further arguments in favor of these theories are found on the fact that the relativistic behavior of a Tully-Fisher law observed in the rotation of galaxies can be modelled with a f (R, T ) or f (R, L m ) description, as shown in [26] , which is coherent with lensing observations of individual, groups and clusters of galaxies. The literature of f (R, T ) gravity is extremely vast and we refer the reader to the review [27] for further motivations and applications.
The current approach to f (R, T ) theories is framed within the so-called metric formulation, where the affine structure of the spacetime geometry is dictated by the metric tensor 1 . Other approaches, however, are possible. In fact, if one allows the connection to vary independently of the metric tensor, the so-called metricaffine or Palatini approach, the resulting field equations typically lead to different dynamics, offering alternative avenues to explore new gravitational physics. The curvature-matter coupling in metric-affine approach has been scarcely considered in the literature [29] , with the main highlight being that the independent connection can be expressed as the Levi-Civita connection of an auxiliary (matter Lagrangian-dependent) metric, which is related with the physical metric by means of a conformal transformation. Analogously to the metric case [11] , the field equations impose the nonconservation of the energymomentum tensor. In this framework, the FLRW equations for brane-world cosmology and loop quantum cosmology can be derived out of a quadratic f (R) theory plus a nonminimal linear coupling between matter and curvature [30] . Let us also point out that generalized descriptions of galaxies rotation curves have been previously implemented in the literature using a metric-affine formalism with torsion included in the description of the gravitational action [31, 32] .
The main aim of this work is to address in detail f (R, T ) theories in this, so far quite unexplored, alternative metric-affine view. We will show that the resulting theories are radically different in some aspects from their metric counterparts, though they share many resemblances with their f (R) relatives. In fact, the study of modified theories of gravity in metric-affine scenarios involving torsion and nonmetricity has received a continuous interest in the last two decades, with several review articles focused on those topics [33] [34] [35] . This work will pave the path for future studies of f (R, T ) theories in geometric scenarios where torsion and nonmetricity are not a priori constrained to vanish. We note in this regard that whether the spacetime structure is Riemannian or otherwise is a foundational question of gravitational physics that must be answered empirically, not decided by convention or on practical terms. This paper is organized as follows: In Sec. II, we present the formalism of f (R, T ) gravity in the metricaffine approach, focussing on the role of the curvaturematter coupling in the equations of motion, the conservation equation, and the geodesic motion and presence of a fifth force. In Sec. III, we trace out the weak field limit and show that the modified Poisson equation is formally identical to that found in Eddington-inspired Born-Infeld gravity. In Sec. IV, we present several specific applications, such as the stellar structure equations, and in the presence of electromagnetic fields and scalar fields. Finally, in Sec. V, we summarize our results and depict some future applications.
II. THEORY, FORMULATION, AND EQUATIONS OF MOTION
To introduce the action of f (R, T ) gravity in the metric-affine approach one needs to bear in mind that only the affine connection Γ λ µν is needed to define the Ricci tensor, which follows from the Riemann tensor
as R µν (Γ) ≡ R α µαν (Γ) (no indices lowered/raised with the metric). Subsequent contraction with the metric g µν allows to define the curvature scalar as R ≡ g µν R µν (Γ). This guarantees that only the symmetric part of the Ricci tensor enters into the action, which significantly simplifies the role of torsion, making it irrelevant if fermions are not considered [36] . Throughout this work, we assumme the (−, +, +, +) signature. With these elements the action considered in this work takes the form
with the following definitions and conventions: κ 2 is some constant with suitable dimensions (in GR, κ 2 = 8πG), g is the determinant of the spacetime metric g µν , the factor f (R, T ) is an arbitrary function of the curvature scalar R and the trace of the energy-momentum tensor, T ≡ g µν T µν , which is defined as
Finally, the standard matter Lagrangian density L m depends on the matter fields ψ m and the metric g µν , but not on the independent connection Γ λ µν . The variation of the action (2) can be conveniently expressed as
where we have defined f R ≡ df /dR and f T ≡ df /dT and split the variation into two lines to highlight the variations with respect to the metric and with respect to the affine connection, respectively. Now using the fact that the variation of T with respect to g µν can be written as
where
then the variation of Eq. (4) with respect to g µν can be expressed as
where we have introduced the effective energymomentum tensor
which plays a key role in the dynamics of these models, as shall be clear later. On the other hand, from the variation of the Ricci tensor in (4), after integration by parts and a bit of algebra one finds 2
The two sets of Eqs. (7) and (9) can be written in a more suitable form by noting that the contraction of (7) with the metric g µν yields the result
where τ ≡ g µν τ µν . Note that (10) is an algebraic equation rather than a differential one and implies that, like in the metric-affine f (R) case, the curvature scalar is a function of the matter sources only. This allows to introduce a new rank-two tensor h µν such that the connection equations (9) can be expressed as ∇ Γ λ ( √ −hh µν ) = 0, which implies the conformal relation
2 For a detailed derivation of these equations including torsion, see [36] .
between these two metrics. This way, the affine connection Γ λ µν is given by the Christoffel symbols of the metric h µν , i.e.,
Now, contracting Eqs. (7) with h αµ , using the conformal relation (11) , and rearranging terms one arrives at
where R µ ν (h) ≡ h µα R αν . Written in this form, Eqs. (13) become (for any f (R, T ) function) a system of secondorder differential Einstein-like field equations for the metric h µν , with all the terms on the right-hand side being functions of the matter sources, and representing a natural generalization of metric-affine f (R) theories with the f T -corrections encoded in the effective energymomentum tensor τ µ ν of Eq. (8) . After solving these equations for h µν one just needs to use the conformal relation (11) to find the spacetime metric g µν . A corollary of these features is that, in vacuum, T µ ν = 0, all the terms on the right-hand side vanish, one finds that h µν = g µν (modulo a trivial rescaling), and the same vacuum solutions of GR (with possibly a cosmological constant term) are recovered. This implies that the propagating degrees of freedom present in these theories are the same as those in GR.
A. The role of the curvature-matter coupling
To fully specify these theories of gravity one needs not only the particular dependence on the scalar curvature but also the matter Lagrangian density L m . Once the latter is given, one can compute explicitly the object Θ µν in Eq.(6) as [20] 
This expression allows to rewrite τ µ ν in Eq. (8) into the more suggestive form
where for convenience we have introduced the tensors
The first one corresponds to the standard energymomentum tensor defined in Eq. (3), while the second one is a generalization involving second metric derivatives of the matter Lagrangian density. This structure suggests that it should be possible to consider more general theories containing additional couplings between gravity and the matter fields in this context. In particular, a family of f (R, τ ) theories, with τ ≡ τ µ µ , would lead to an extension involving terms with three derivatives of L m with respect to the metric, and so on.
A case of general interest for the matter fields is represented by a perfect fluid, whose energy-momentum tensor is of the form
where u µ is the unit timelike vector, u µ u µ = −1, while ρ and P are the energy density and pressure of the fluid, respectively. For this matter source, we assume that L m = P as the matter Lagrangian density 3 which, from Eq. (14), yields
Inserting this result in Eq. (13), one finds
From this expression, it is easy to verify that the limit P → 0 recovers the same dynamics as metric-affine f (R) theories but with a varying effective Newton's constant, namely, κ 2 ef f = κ 2 + f T , with f T a function of ρ. If we further restrict to the case f T =constant, then the correspondence is exact. This puts forward that the family of models f (R, T ) = f (R) + ǫT only departs from the f (R) case in scenarios where the fluid pressure becomes relevant as compared to the term f (R, T )/2.
B. Conservation equation
Let us now work out the analogous of the conservation equation in these theories. First we rewrite the field equations (13) as
Taking a covariant derivative on both sides on this equation and using Bianchi's identities, ∇ (h) µ G µ ν (h) ≡ 0 (the superindex h indicates covariant derivatives defined with the independent connection Γ λ µν ), one finds
3 For an extended discussion on the well known problem of whether Lm = P or Lm = −ρ is the right Lagrangian of a perfect fluid, and its consequences for nonminimally coupled theories see e.g. [37, 38] .
On the other hand, the relation between covariant derivatives defined with the independent connection and those defined with the connection associated to the Christoffel symbols of the metric, ∇ (g) µ , is obtained as
Now, using the conformal relation (11) and after a bit of algebra upon the relation above one arrives at
Plugging this result into the nonconservation equation (22) yields
Using now the trace equation (10) to consider the combinations
and after some manipulations we finally obtain the result
implying that the effective energy-momentum tensor τ µ ν is conserved only when the term f T ∂ ν T vanishes. This has nontrivial consequences regarding several contexts, in particular, stellar structure, as shall be seen in Sec. IV below.
C. Geodesic equation and extra force
In order to compute the geodesic equation obtained from the nonconservation equation (29), let us substitute the relation (14) into the definition of τ µν given by Eq. (8) , to obtain
where we have used the expression of the energymomentum tensor given by Eq. (16) . Therefore, Eq. (29) implies that
On the other hand, since the matter current conservation relation ∇ (g) µ (ρu µ ) = 0 implies that the quantity u µ ρ √ −g is conserved, therefore the differential of this quantity is null. With this and using the fact that 2δu µ = u ν δg µν and 2δ √ −g = √ −gg µν δg µν we obtain the following relation:
which facilitates the computation of ∂L m /∂g λν and ∂ 2 L m /∂g αβ ∂g λν on the right-hand side of (31) . With this last expression, the energy-momentum tensor (16) is given by
Using Eq. (32) to express the derivatives of the matter Lagrangian with respect to the metric as derivatives with respect to ρ in Eq. (31) yields
Now, by taking the divergences in the previous relation and recalling the well-known relation
and expressing: ∂ ν T = ∂T ∂ρ ∂ ν ρ where the trace of the energy-momentum, according to Eq. (33) is given by:
the geodesic equation of this metric-affine f (R, T ) theory is provided by
where the extra force f µ is given by
In other words, in this formulation the particles follow geodesic trajectories if and only if f µ = 0. To illustrate the above statement, note that for the case of dust, this extra force takes the following expression:
It is clear from this last relation that the extra force vanishes only for the case f T = 0, i.e., f (R, T ) is only a function of R, which coincides with the standard metricaffine approach of f (R) gravity (see for example the direct calculation of this made in [40] ).
III. WEAK FIELD, SLOW-MOTION LIMIT
To investigate the weak field limit of these theories, we start from the conformal relation (11) , whose perturbation can be expressed as
Now let us introduce perturbations upon a Minkowski background, namely, h µν ≈ η µν +t µν and g µν ≈ η µν +t µν , wheret µν ≪ η µν and t µν ≪ η µν . This means that, at the background level via the conformal relation above, one has f R ≈ 1 (but δf R = 0). On the other hand, using the standard gauge choice ∂ λ (t λ µ −t 2 δ λ µ ) = 0 one finds that R µν (η µν +t µν ) ≈ − 1 2 ✷t µν , where ✷ is the D'Alambertian (in flat space). After noting that δR µ ν (h) ≈ η µα δR αν , inserting these results into the field equations (13) one arrives at
Limiting ourselves to the nonrelativistic source limit (P → 0), one can compute τ µν ≈ ρ 1 + f T /κ 2 u µ u ν , from where the perturbed field equations (41) read
Given that the background solution is flat Minkowski space and that ρ represents the leading order contribution from the matter sector, the term proportional to f T in the above expression must be regarded as higher order and, thus, negligible to this order of approximation. Nonetheless, we will keep track of this contribution in the equations by defining the quantity
Assuming a standard structure for the metric perturbationst
whereÎ and0 are the identity and zero matrices, respectively, then the (0, 0) component of the perturbation equations (42) reads
Now, given that δg µν =t µν − η µν δf R and δf R = f RR δR, one can write the Newtonian potential φ N ≡ −δg 00 /2 using Eq. (10) asφ
where λ ≡ (f R − Rf RR ) −1 f RR κ 2 /2 is evaluated in vacuum. This leads to the following modified Poisson equation for metric-affine f (R, T ) theories:
Given that in this equation f (R, T ) is a function of ρ and P , using the notation κ 2ρ /2 ≡ κ 2 ρ T −f /2, this expression boils down to the usual result in the GR limit, which allows to write
This modified Newtonian potential is formally identical to that found in the weak field limit of the Eddingtoninspired Born-Infeld (EiBI) theory of gravity (see the recent review [41] , Sec. 3) and, therefore, the implications derived from it might be similar except, perhaps, due to new effects arising from the redefinitions introduced above. These similarities are expected, in particular, in nonrelativistic stellar models.
IV. SOME APPLICATIONS
A. Stellar structure equations
The weak field equations derived above were useful to establish some relations between the physics of metricaffine f (R, T ) models and other gravity theories such as the EiBI model. In this section we derive the complete Tolman-Oppenheimer-Volkov (TOV) equations for hydrostatic equilibrium to show that the metric-affine version of f (R, T ) theories studied in this work does introduce different physics in the full relativistic regime. For this purpose, we consider the nonconservation equation (29) applied to a perfect fluid (18) to find
(49) In the f T → 0 limit, this equation recovers the usual structure equation of GR and of metric theories of gravity with no matter-curvature couplings. For static, spherically symmetric configurations, only the radial derivative equation survives and one finds that u α ∇ α u r = Γ t tr = A r /2A, where g tt = −A(r). The resulting TOV equation thus takes the form
The weak field limit obtained in the general case above follows from this equation by taking
and
with M (r) = r d 3 xx 2ρ (t, x). After setting specific f (R, T ) models these equations allow to solve any scenario of interest in this context.
B. Electromagnetic fields
Let us consider now the case of an electromagnetic field. For a Maxwell field, described by the Lagrangian
From Eq. (8) this result yields the cancellation of the f T contributions which, together with the tracelessness of Maxwell's energy-momentum tensor, implies that any solutions for these matter fields will coincide with those of GR regardless of the f (R, T ) theory chosen. In order to find nontrivial new physics associated with electromagnetic fields, one must go beyond Maxwell's theory and consider instead nonlinear electrodynamics theories. In this case, defining the matter sector as
where ϕ(X) is a function of the field invariant X = − 1 2 F µν F µν specifying the model of nonlinear electrodynamics 4 (Maxwell electrodynamics corresponding to ϕ(X) = X). The corresponding energy-momentum tensor reads
where ϕ X ≡ ∂ϕ/∂X. In this case it is easy to find that
4 Functions of a second field invariant, Y = − 1 2 Fµν F ⋆µν , built out of the dual field strength tensor, F * µν ≡ 1 2 ε µναβ F αβ , are also possible, but for simplicity we shall not consider them here.
The new f T contributions induce modifications as compared to GR solutions, as we shall see at once with an explicit example.
Let us focus on (electro-)static, spherically symmetric solutions, for which the only nonvanishing component of the field strength tensor is F tr = 0. In this case, the matter energy-momentum tensor reads
where now X = −F tr F tr , while the conserved energymomentum tensor takes the form
whereÎ and0 are the 2×2 identity and zero matrices, respectively. To proceed further and find solutions we need to specify an f (R, T ) model. For simplicity and to illustrate the general procedure to solve the field equations, let us choose the simple model f (R) = R + ǫT , where ǫ is some parameter 5 . From the trace equation (10) one finds that R = −(κ 2 + 2ǫ)T − fT πκ 2 X 2 ϕ XX and inserting this result into the field equations (13), a bit of algebra yields
where we have defined the quantities
for notational convenience.
To solve this kind of field equations in metric-affine gravities one usually introduces two different line elements, one for g µν and another one for h µν , and then makes use of the conformal transformation (11) to work out the relations among the functions on each line element. However, for the model chosen here, f R = 1, and such line elements become the same. Let us thus propose an ansatz for a static, spherically symmetric line element of the form
where {A(r), ψ(r)} are functions of the radial coordinate r and dΩ 2 = dθ 2 +sin 2 θdφ 2 is the angular element on the the torsion degrees of freedom are trivial [36] ), the symmetric part of the connection can be written as the Levi-Civita connection of an auxiliary metric conformally related to g µν via the matter sources, and that the resulting field equations can be formally written in the same way as those of metric-affine f (R) theories once an effective energy-momentum tensor is defined. These equations impose the nonconservation of the energy-momentum tensor, therefore entailing nongeodesic motion and the appearance of a fifth force, which has a nontrivial impact for the physics of compact objects and relativistic stars. For nonrelativistic stellar objects, the dynamics is qualitatively similar to that found in the EiBI model, for which there exists extensive literature [41] .
After having under control the basic framework for metric-affine f (R, T ) gravity, we have introduced the main elements for some applications. When coupled to perfect fluids, the nonconservation equation introduces novelties in the hydrodynamical equilibrium equation in the full nonrelativistic regime, with expected nonnegligible consequences for compact objects in this context. When coupled to electromagnetic fields, we have shown that these theories yield the same solutions as GR unless a nonlinear theory of electrodynamics is considered, where the problem of non-singular black holes can be tackled from a different perspective, and similar comments apply to scalar fields.
In summary, the primer f (R, T ) gravity in the metricaffine formalism developed in this work opens new avenues of research and the possibilities to explore new physics in this context are huge. Further research is ex-pected in these and other directions in the future, on which we hope to report soon.
